^ ; Integers without divisors 

(N : from a fixed arithmetic progression 

<^ ■ William D. Banks 

^^ ; Department of Mathematics, University of Missouri 



H 



■3 



c^ 



X 



Columbia, MO 65211 USA 



^. bbanks@math.missouri.edu 



John B. Friedlander 

Department of Mathematics, University of Toronto 

Toronto, Ontario M5S 3G3, Canada 

f rdlndrOmath . toronto . edu 



> 

en '• Florian Luca 

o 
^. 

^ ■ Universidad Nacional Autonoma de Mexico 

O ; C.P. 58089, Moreha, Michoacan, Mexico 



f lucaOmatmor . unam . mx 



Abstract 



Let a be an integer and q a prime number. In this paper we find an 
5^ I asymptotic formula for the number of positive integers n < x with the 

property that no divisor d > 1 of n hes in the arithmetic progression 
a modulo q. 
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1 Introduction 

We consider the frequency of natural numbers which do not have any divisor 
from a given arithmetic progression. More precisely, for integers < a < m 
and a real number x > 1, we define: 

J\f{m, a) = {n > 1 : d ^ a (mod m) for all rf | n, d > 1} 

and denote by ^/{x; m, a) the number of positive integers n < a; in A/'(m, a). 

Our goal is to determine an explicit asymptotic formula for Af{x;m,a). 
We exclude the divisor d = 1 in the above definition since including it would 
make the result trivial for one residue class while not affecting the result for 
any of the others. To avoid increasing the technical complications we give 
detailed consideration to the special case that m = g is a prime number. In 
the final section we give some remarks about the case of general modulus and 
about the still more complicated problem of counting those integers whose 
divisors avoid a subset of the residue classes. 

When a = 0, it is clear that n G Af{q, 0) if and only if q does not divide n, 
and in this case it follows that 

Af{x;q,0) = {l-q-^)x + O{q). 

Thus, we can assume that a > 1 in what follows. 

If a = 1 and g = 2, it is also clear that n is in A/'(2, 1) if and only if n is 
a power of two, and therefore, 

AA(x; 2,1) = 1^ + 0(1). 
log 2 

Hence, we can further assume that q > 3 throughout the sequel. The case 
a = 1 is essentially different from (and quite a bit easier than) the others. 
The result obtained is the following. 

Theorem 1. For every fixed odd prime q we have 

«r/ TN n , fTW V^l^-l)? x(logloga;)«'3 
■^^""'^ ^' ') = ^' + "(')) iq-iy-Hq-3)l h^x ' 

where (p is the Euler function. 



In view of Theorem d which is proved in Section 13.11 below, it remains 
only to consider the case that 1 < a < g. In order to state this result we 
introduce three constants <^a,g, ia^q, and '^a,q, as follows. First, let 

k s 

1 - ^ = Y\.pT ^^^ ordg(a) = Y\_P/ 

be the prime factorizations of g — 1 and ordq(a) (the multiplicative order of 
a modulo q), respectively. Here, pi, . . . ,pfc are distinct primes, s < k, and 
the integers aj and Pj are positive. Using these data, we define 

^^nj ■ r a-j—fS-j+l 






{p^-''^']- (1) 



Next, recalling that every subgroup of a cyclic group is determined uniquely 
by its cardinality, let ii{a) be the unique subgroup in (Z/gZ)* of cardinality 
\E[a)\ = {q-l)/^a,q, and put 

^, = Jim|(log,)-V^".^ n {'-iy'\ (2) 

p (mod q)(iH{a) 

Thanks to the work of Williams ^H], one knows that the limit exists and 
< ^a^q < oo. Finally, suppose that ^a,q is the prime power p^ , and put 

*•' " r(i/^.„X--(^„„-2)! "" ,^1;,, [p-\, - 1) ' <" 

where 7 is the Euler-Mascheroni constant, and T{s) is the usual gamma 
function. 

Theorem 2. For every fixed odd prime q and integer a with 1 < a < q, we 
have 



U{x-q,a) = {l + o{l))ra,qK, 



a; (log log x) 



'^a,q' 



-2 



(logx)-*^"-*^/"^"'? 



We deal throughout with a fixed arithmetic progression and do not con- 
sider the question of uniformity of the estimations in the modulus q, although 
it is clear from the methods employed that some (probably not very large) 
range of uniformity could be obtained. 



The question of counting the number of integers up to x with no prime 
divisor in a given residue class is more famihar and has a simpler answer; see 
for example the theorem of Wirsing given below in Lemma ^| Our proofs 
use this result and similar analytic methods but are complicated by other 
considerations which are mostly of a combinatorial nature and with a bit of 
group theory. 

As we shall see in Lemma EJ the group H{a) is the subgroup of (Z/gZ)* 
having the largest order amongst those which do not contain (the class of) a, 
and this suggests its relevance to our problem. The fact that this subgroup is 
not unique in general, when the group is not cyclic, is the main thing which 
complicates the case of arbitrary modulus. These facts also lead, in our case 
of prime modulus, to the following easy corollaries. 

Corollary 1. In case H{a) = H{h) we have 

J\f{x; q, a) ~ J\f{x; q, h) . 
Special cases of this give the following two results. 
Corollary 2. If a satisfies aa = 1 (mod q) then 

Af{x; q, a) ~ Af{x; q, a) . 
Corollary 3. If a and b are both quadratic non-residues modulo q then 

J\f{x; q, a) ~ J\f{x; q, b) . 
Proof. In this case H{a) and H{b) are each the subgroup of quadratic residues. 

n 

Finally we have 

Corollary 4. If a is a quadratic residue modulo q and b is a quadratic non- 
residue then 

J\f{x; q, a) = o{J\f{x; q,b)) . 

Proof. In this case, either a = 1 and the result follows on comparing the 
estimates of the two theorems or, if a > 1, then H{a) is a subgroup of index 
greater than two and the result follows from the second theorem. D 



Although there seem to be no earher results that consider the above 
asymptotic formulae in this rather basic question, there is a long history of 
work on closely related problems. Erdos [3^ showed that, if m < (logx)^°^^~'' 
where 5 > is fixed, then almost all positive integers n < x have a divisor d 
in each one of the residue classes a (mod m), with gcd(a, m) = 1. The value 
log 2 is optimal. Indeed, if n satisfies the above condition then r(n) > (plm) 
and, since T{n) = (logxY"^'^'^"^^^ holds for almost all n < x, we find that 
fn < (logx)'°^^''"°*-^-'. Since the appearance of |S|, the distribution of integers 
having a divisor in a specific residue class has been studied by several authors. 
For example, in answer to a question of Erdos from [l]. Hall |7j showed 
that, for any e > and natural number N, there exists tjn with r^^r — > 
when A^ ^ oo such that, if m > (log Ar)'°s22V(2+^)i°si°g^i°gi°si°si°g^ then 
the number of positive integers n < x having a divisor d in the interval 
m < d < N with d = 1 (mod m) is < rj^x provided N < x. Extending prior 
results of Hall [7j and Erdos and Tenenbaum [H], de la Breteche P proved 
that, if N is any positive integer and 2; at is defined implicitly by the relation 
m = (\ogNy°s22-^NViogiogN^ ^j^g^ ^j^g^g gj^jgl-g r]N -^ when N -* 00 such 

that, for any a coprime to ?7i, we have 

{n < X : d = a (mod m) for some d \ n, m < d < N} = ^{zN)+0{riNx) 
for all 3 < A^ < X, where 
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which in turn answered a conjecture of Hall from [S]. 

Throughout the paper, x denotes a large positive real number. We use the 
Landau symbols O and o, as well as the Vinogradov symbol <^, with their 
usual meanings. As we do not consider the question of obtaining bounds 
which are uniform in the modulus of the arithmetic progression we allow the 
implied constants in many places to depend on various parameters, such as 
the modulus, without explicit mention. 

For a positive integer i, we write log^ x for the function defined inductively 
by log^ X = max{logx,l} and log^x = log^(log^_]^ x) for i > 2, where log 
denotes the natural logarithm function. In the case £ = 1, we omit the 
subscript to simplify the notation; however, it should be understood that all 
the logarithms that appear are > 1. 



We use various other standard notations, including those for basic arith- 
metic functions such as Euler's y9-function. We use |y4| to denote the number 
of elements in A when A is a finite group, or set, or multiset. Given a set S 
of positive integers, whether finite or infinite, we frequently denote by S{x) 
the number of integers n < x in S. 
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2 Preliminary results 

2.1 Combinatorial results 

Recall that a multiset is a list (ai, . . . , a^) of elements from a set in which 
the same element can occur more than once, but the order is unimportant. 
For example, (1, 1, 2, 3) and (3, 1, 2, 1) are the same multisets in Z, whereas 
(1, 1, 2, 3) and (1, 2, 3) are different. 

Let G be an arbitrary finite abelian group, written additively. If G = {0}, 
put k{G) = 0; otherwise, let n{G) be the largest integer k for which there 
exists a multiset (oi, . . . , a^) of elements of G with the property: 

y ttj 7^ for every nonempty subset S C {1,2,..., k}. (4) 

jes 

Since |G| < oo, it is easy to see that k{G) < oo. In the special case that 
G = Z/r/iZ, we have the following result: 

Lemma 1. Let G = Z/mZ, where m > 1. Then k{G) =171 — 1. Moreover, 
if m > 2, then the multiset (ai, . . . , Om-i) has the property ^ if and only if 
ai = ■ ■ ■ = ttm-i = d for some a E G that is coprime to m. 



Proof. We can assume that m > 2 since the result is trivial for ?7i = 1. 

Suppose that k{G) > m. Then, for some k > m, there exists a multiset 
(ai,...,afc) in G with the property (JH). Since the elements bj = ^^=1 a^, 
j = 1, . . . ,k, are all nonzero, and G has only m — 1 nonzero elements, two of 
the elements bj must be equal by the pigeonhole principle; that is, bj-^ = bj^ 
for some ji < J2- But this implies that ^ . ^^^ • Oj = 0, which contradicts (@)). 
Therefore, k{G) < m — 1. 

Next, suppose that ai = • • • = Qm-i = cl for some a & G that is coprime 
to m. Then, for every nonempty subset S C {1,2, . . . ,m — 1}, one has 
Sjes'^i ~ fl|5'|. Since gcd(a,m) = 1 and m f jS"!, it cannot be true that 
a\S\ = (mod m); therefore, the multiset (oi, . . . , a^-i) has the property (JH) 
which shows that n{G) > m — 1. 

Finally, suppose that the multiset (ai, . . . , Om-i) has the property (JH). As 
before, let bj = ^21=1 '^i^ J = 1, . . . , m — 1. Then the elements &i, . . . , &m-i 
are distinct and nonzero, and since G has precisely m — 1 nonzero elements, 
it follows that {6i, . . . , &m-i} = G\ {0}. Using (jlj), we see that 02 7^ 0, and 
02 7^ &j for j = 2, . . . , 771—1; therefore, 02 = &i = fli- By a similar argument, it 
follows that ttj = ai for j = 2, . . . ,m — l; in other words, ai = ■ ■ ■ = flm-i = a 
holds for some a & G. Thus, we have bj = ja for j = 1, . . . ,m — 1 and, since 
bj = 1 (mod m) for some value of j, it follows that gcd(a, m) = 1. D 

Now, let G be a nontrivial finite abelian group, written additively. If 
G = Z/2Z, put k(G, 1) = 0; otherwise, for every a e G \ {0}, let k(G, a) be 
the largest integer k for which there exists a multiset (ai, . . . , a^) of elements 
of G \ {0} with the property: 

y ttj 7^ a for every subset 5 C {1, 2, ... , k}. (5) 

In general, k(G, a) need not be finite (e.g.. Up is prime, G = Z/p'^Z, and 
a = 1, then © holds for the multiset (oi, . . . , a^), where ai = ■ ■ ■ = a^ = p, 
for every natural number fc). However, we do have the following finiteness 
result, which suffices for our applications: 

Lemma 2. Let p he a fixed prime, and let Gr = Z/p^Z for every natural 
number r. If a E Gr\ {0} and p^~^ \ a, then ^{Gr, a) = p'' — 2. 

Proof. First, we argue by induction on r that for every a & Gr\ {0} with 
p''"^ I a and every multiset (ai, . . . , au) in Gr \ {0} with the property ^, the 



following inequality holds: 

IgEGr : g = y^ aj for some subset S' C {1, 2, . . . , A;} ^ > A; + 1. (6) 

Since the left side of (0) cannot exceed \Gr \ {a}\ = p'' — 1, it follows that 
n{Gr,a) <f -2. 

Suppose first that r = 1, and put G = Gi = Z/pZ. Let a E G\ {0} 
be fixed, and suppose that (ai,...,afc) is a multiset in G \ {0} with the 
property (j3)). Let 6i, . . . , 6^ be the distinct values taken by Cj for i = 1, . . . k, 
and let mi, . . . , m^ be the respective multiplicities; then Yl]=i "^j = ^- P^^ 

Aj = {ubj : M = 0, 1, . . . , rrij} (1 < j < s). 

Since each nij < p — 1 (otherwise, a G Aj and (0) fails), Aj is a subset of 
G of cardinahty rrij + 1. Let X]^=i ^i be the set of elements g E G oi the 
form (7 = Xlfci '^i' where Cj G Aj for j = 1, . . . , s. A corollary /generalization 
of the Cauchy-Davenport theorem (see for example \V2\ Theorem 2.3]) states 
that 

s s 

I J2^ >min|p,5^|A,|-s + l}, 
i=i i=i 

and in our situation, 

s s 

'^\Aj\-s + l = ^{rrij + l)-s + l = A; + L 
i=i i=i 

Since ^^^^ Aj is the set of elements g E G that can be written as Xlies'^J 
for some subset 5 C {1, 2, . . . , /c}, we also have by (0): 

s 

|5^A,|<|G\{a}|=p-l. 
i=i 

Therefore, k + 1 < p — 1, and we obtain the inequality (jH)) when r = L 
To complete the induction, we show that (jHI) holds for the integer r > 2 

assuming that the corresponding inequality is true for r — 1. 

Let a E Gr\ {0} with p^~^ \ a, and suppose that (ai, . . . , a^) is a multiset 

in Gr \ {0} satisfying (0). Without loss of generality, we can assume that 

ai, . . . ,ai G Gr\ G[. and a^+i, . . . , a^ G G'. \ {0}, where G[. is the subgroup 

of Gr consisting of those elements divisible by p. 

8 



Let Tij = ai+j/p for j = 1, . . . , k — i, and put a = a/p. Then a G Gr-iMO} 
with p^~^ I a, and (oi, . . . ,ak-e) is a multiset in G^-i \ {0} that satisfies the 
analogous statement of © obtained after replacing a by a, each Qj by a^, 
and k hj k — i, since the condition Yljes'^j 7^ a in Gr-i is equivalent to 
^ .g^a^+j 7^ a in Gr for every subset S C {1, 2, . . . , A; — £}. Applying the 
inductive hypothesis with the element a and the multiset (oi, . . . ,ak-£) in 
Gr-i, and considering its implication for the element a and the multiset 
(a^+i, . . . , Ofc) in Gr, one sees that if B denotes the set of elements g G Or 
equal to J2j(^s '^J ^°^ some subset S" C {£ + 1, . . . , k}, then |i?| > fc — £ + 1. 

Let bi, . . . ,bs & Gr\G'^he the distinct values taken by Oj for z = 1, . . . , i, 
and let mi, . . . ^rus be the respective multiplicities; then ^j^^mj = £. Let 
Aj = {0, 6j}, and put 

nijAj = Aj-\ \- Aj (1 < j < s). 

jTij copies 

Since each 6j is coprime to p, a theorem of I. Chowla (see |12^ Theorem 2.1]) 
yields the inequality 

s s s 

B + ^rnjAj > min|p^ \B\ +^mj\Aj\ - J^^^J ~ 1) ~ ^}- 
j=i j=i j=i 

Since [Aj | = 2 for j = 1, . . . , s, we have 

s s s 

\B\ +'^mj\Aj\ - '^{rrij - I) - s > k - i + I + '^mj = k + 1. 
j=i j=i j=i 

As B + ^j=i "^j^i is the set of elements g G Gr that are equal to J2jes ^j 
for some subset S" C {1, 2, ... , k}, we also have by ©: 

s 

B + Yl ^^^J <\Gr\ {a} I = p" - 1. 

Therefore, /c + 1 < p*" — 1, and we obtain the inequality (jHI), which completes 
the induction. 

As mentioned earlier, the inequality © implies that K,{Gr, a) < p^ — 2 
for all a & Gr \ {0} with p^~^ \ a. On the other hand, the lower bound 
niGri a) > p^ — 2 is an immediate consequence of the next lemma. D 

9 



Lemma 3. Suppose that p, r, and a satisfy the conditions of Lemma 
and put k = p^ ~ 2. For every h E G^ such that p \ b, let n he the least 
nonnegative integer for which the congruence n = ab~^ — 1 (mod p''') holds, 
and let Tlp^r,a{b) = (ai, . . . , ak) be the multiset in Gr \ {0} defined by 



% 



b if j < n; 

-b if j > n + 1. 



Then Tlp^r,a{b) has the property (0). 

Proof. For every subset S C {l,...,k}, we have Ylji^s^J ~ ""^^ ^^^ some 
integer m in the range —{k — n) < m < n. Hence, m ^ (ra + 1) (mod p''), 
and therefore mb ^ (n + 1)6 = a (mod p^). D 

The next lemma shows that the multisets 'ORp^r,aib>) defined in Lemma El 
are the only critical multisets that arise under the conditions of Lemma |21 

Lemma 4. Suppose that p, r, and a satisfy the conditions of Lemma\^ and 
put k = p^ — 2. If (ai, . . . , Ofc) is a multiset in Gr \ {0} with the property (j3jl. 
then {ai, . . . , ak) = ^p,r,a{b) for some choice of b E Gr- 

Proof. We proceed by induction on r, following the proof of Lemma |21 

First, let r = 1. Suppose there exist integers b,c with b ^ ±c (mod p) 
and indices i,j such that ai = b (mod p) and aj = c (mod p). Reordering 
the elements oi, . . . , Ofc if necessary, we can assume that i = 1 and j = 2. Let 
A = {0, ai} + {0, aa}; clearly, \A\ = 4. Let Aj = {0, a^} for j = 1, . . . , k. By 
the Cauchy-Davenport theorem, we have 

k k 

j9- 1 > A + ^aJ > minjp, \A\ + ^ \Aj\ - {k - 1) + l\ = p, 

which is impossible. Thus, there exists an integer b such that aj G {b, —6} for 
j = 1, . . . ,k. After reordering the elements Oi, . . . , a^, we can assume that 
aj = b ii j < m and aj = —b ii j > m + 1, for some < m < k. 

Now, let n be the least positive integer for which n = ab~^ (mod p) 
holds. If ra < m, then oi + ■ ■ ■ + a„ = n6 = a (mod p), which contradicts (0). 
On the other hand, ii n > m + 2, then p ~ n < p — 2 — m = k — m, thus 
'^m+i + ' ■ ■ + o,m+p-n = {p — n){—b) = a (mod p), which again contradicts (0). 
Therefore, n = m + 1, and the result follows for r = 1. 

10 



Now suppose that the result has been proved for all cyclic p-groups of 
order less than p^; we need to prove it for Gr = Z/p''Z. 

To do this, let us first show that p \ Qj for each j = 1, . . . ,k. Indeed, 
suppose this is not the case. If p \ aj for all j = 1, . . . , k, then writing 
aj = ttj/p, we see that the multiset (ai, . . . , a^) has the property (0) with a 
replaced by a = a/ p. Since the elements ai, . . . , a^ can be viewed as elements 
of the cyclic group with p"^'^ elements, the induction hypothesis implies that 
p^ — 2 = k < p^~^ — 2, which is impossible. This argument shows that there 
exists at least one element Qj such that p \ dj- Now, using the notation of 
the proof of Lemma El we can assume that p | Oj for j = 1, . . . , £ and p \ aj 
for j = i + 1, . . . ,k, where 1 < i < k. Let B denote the set of elements 
g & Gr that are equal to Xlies'^i ^^^ some subset S C {£ + 1, . . . , k}. As in 
the proof of Lemma El we have \B\ > k — i + 1. Since p | ai, it follows that 

|5 + {0,ai}| =2\b\ > \b\ + 1. 

Since the last inequality is strict, the argument based on the Chowla Theorem 
(see the proof of Lemma EJ implies that 

s 

B + Y^ rrijAj > minlp*", k + 2}. 
i=i 

Taking into account that B + Yl^j=i ''^j^j ^^s at most p^ — 1 elements (since 
this set does not contain a), we see that k < p"^ — 3, which is impossible. 
Thus, we have established our assertion that p f aj for j = 1, . . . , k. 

To complete the proof of the lemma for the group Gr, we can use an 
argument identical to the one given above for the case r = 1, except that the 
Cauchy-Davenport Theorem is now replaced by the Chowla Theorem, which 
is applicable since gcd{aj,p) = 1 for j = 1, . . . , fc. D 

The next lemma provides a complete list of the distinct multisets 97lp,r,o(^) 
which arise for various choices of p and r in the special case that a = p^~^. 

Lemma 5. Let p^ be a prime power, and let a = p^~^. For integers f] and c 
let Dlp^r('7;C) be the multiset in Z defined by 

%,ri'n,c) = 

rj copies 
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For an integer A not divisible by p let A be the least positive integer such that 
AA = 1 (modp). Then, there is a one to one correspondence, given by the 
congruence modulo p^ , between pairs of multisets 3Jtp_r.,a(±&) in Gr \ {0} and 
the family D^p^r(^, c) where, in case p is odd, rj runs through the integers 

r] G {p""^A - 1 : 1 < A < (p - l)/2} 

and c runs through the integers 

ce {X + pfi : < fi < p'-^ - 1} , 

while, in case p = 2, we have t] = 1 and, in the range for c, we must replace 
p"-^ - 1 by 2^-2 - 1. 

Proof. Let ^p^r,aip) be a multiset in Gf \ {0} of the type constructed in 
Lemma El We claim that '^p^r,aip) = Tlp^r,a{—b)- Indeed, let n be the 
least nonnegative integer for which the congruence n = p'^~^b~^ — 1 (mod p"^) 
holds. Clearly, n ^ p"^ — 1, hence it follows that m = p^ — 2 — n is the least 
nonnegative integer for which the congruence m = p'^^^{—b)^^ — 1 (mod p^) 
holds, and this implies the claim. 

For a given multiset Ttp^r,a{b), let d be the least positive integer congruent 
to b modulo p"^, and let OJl be the multiset in Z defined by 

Tl = (^d,d, . . . ,d , —d, —d, . . . , —d). 

n copies p^ — 2 — n copies 

Then 3Jl and DJlp^r,a{b) are congruent modulo p^. 

Suppose first that p = 2. Since Tlp^r,a{b) = DJlp^r,a{—b) , then replacing b 
by —6 if necessary, we can assume that rf < 2*" — rf. Hence, d is a positive 
odd integer with d < 2''"^. Also, 

n = 2'-^ri - 1 = 2'-^ - 1 (mod 2"), 

where the second congruence follows from the fact that b is odd; in view 
of the minimality condition on n, it follows that n = 2^^^ — 1. Therefore, 
OJl = ^p^riVy c) with rj = n and c = d. 

Now suppose that p > 2. Since Tlp^r,a{b) = 9Jlp_r,a(— &), then replacing b 
by —b if necessary, we can assume that n < p'' — 2 — n. Let A be the least 
positive integer such that A = b~^ (mod p); then, 

n = p^^^b^^ — 1 = p^'^^X — 1 (mod p^). 
12 



In view of the ininimality condition on n and the fact that n < {jf — 2)/2, it 
follows that n G {p'""^A — l:l<A<(p — l)/2}. Also, defining A as in the 
statement of the lemma, we have 

d = b = X (mod p). 

Since 1 < ci < p^' - 1, it follows that d e {X + pfi : < ^i < p'-^ - 1}. 
Therefore, 971 = 9Tp,r(?7, c) with r] = n and c = d. 

To prove the uniqueness assertion, we must show that the multisets 
^p,r{i]jc) defined in the statement of the lemma are all distinct modulo p^. 
If p"^ = 2, then rj = 0, c = 1, and ''Jlp^riVy c) = 0, so there is nothing to prove; 
hence, we can assume that p^ > 2. Now suppose that 

^pAvi, ci) = ^p,r{V2, C2) (mod p''). (7) 

If p = 2, we have i]i = ri2 = 2^^^ — 1. Also, since Cj < 2^ — Cj for j = 1,2 
(note that the inequalities are strict since 2*" > 4) , the congruence ((Tj) implies 
that Ci = C2 (mod 2^); as Ci, C2 G {1, 3, ... , 2''"^ — 1}, this is possible only 
if ci = C2. If p > 2, then the inequalities rjj < p^ — 2 — rjj, j = 1,2, and 
the congruence ((Zj) together imply that rji = rj2 and Ci = C2 (mod p^). Since 
1 < Cj < p^ — 1 for j = 1,2, it follows that ci = C2. This completes the 
proof. n 

2.2 Algebraic results 

Let G be a fixed nontrivial cyclic group, and let a be an element of G other 
than the identity. Among the subgroups H < G that do not contain a, let 
H{a) denote that subgroup H which has the greatest cardinality; note that 
H{a) is well-defined since every subgroup of a finite cyclic group is determined 
uniquely by its cardinality. Let 

k s 

\G\=Y[p"' and oidcia) = Y[pf (8) 

i=i i=i 

be the prime factorizations of ICl and ordG(a) (the order of a in G). Here, 
Pi, . . . ,Pfc are distinct primes, s < k, and the integers aj and Pj are positive. 
Using these data, we define: 

^(G,a)= min |p°^"^^+H. 
i<i<s -^ 
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Note that the constant S^a.q defined by (jT]) is equal to 0^{G^a) in the case 
that G is the cychc group {Ij/qL)* . 

Lemma 6. Let G he a nontrivial cyclic group, and let a he an element of G 
other than the identity. Then ^(G, a)|iif(a)| = 1^1. 

Thus, the definition of H{a) given here is consistent with the definition 
given in the introduction. 

Proof. We begin by factoring \G\ and ordG((3.) as in (jH} above. By the Chinese 
Remainder Theorem, we have 

k 

G = Z/|G|Z = JJZ/pJ^Z. 
i=i 

Under this isomorphism, the element a & G can be identified with an ordered 
fc-tuple: 

k 

where each aj is an integer in the range 1 < a^ < p -^ , and pj \ aj. Replacing a 
by one of its automorphic images a G G, if necessary, we can assume without 
loss of generality that a^- = 1 for j = 1, . . . , fc. Indeed, if a subset S* C G is 
characteristic (that is, invariant under all automorphisms of G), then 5* does 
not contain a if and only if S does contain any automorphic image of a. Since 
H{a) is characteristic, it follows that H{a) = H{a) for every automorphic 
image a of a. 

Now let i^ be a subgroup of G that does not contain a, and suppose that 
|-^| ~ rifciP? fo^ some nonnegative integers 7j. Then, 

k k 

K = j]p;^-^^z/p;^z c l[z/p;^z. 

The condition that a ^ K is equivalent to the existence of an index j such 
that aj — 7j > aj — (3j\ that is, 7^ < (3j. In particular, /3j > 0, and therefore 
1 ^ J ^ -5. If fi' is maximal among the subgroups of G which do not contain 
a, it must be the case that 7^- = j3j — l and 7^ = aj for all i 7^ j; consequently, 
\K\ = \G\/p"^ ^ . Finally, since H{a) has the largest cardinality of all 
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such subgroups K, it is clear that |-f^(a.)| = |G|/pJ^ ^ , where j is the only 
index for which 

and this completes the proof. D 

Lemma 7. Let a he a fixed element of G = (Z/gZ)* other than the identity, 
and suppose that S^a,q is the prime power p^' . Put G^ = Z/p'^Z. Then there 
exists a generator g of the cyclic group G such that the map n \—> g'^ defines 
a group isomorphism (pg : Gr ^ G/H{a) which maps the congruence class 
p^^^ (mod p^) to the coset aH{a). 

Proof. First, let g be an arbitrary generator of G. Since every subgroup of 
G is determined uniquely by its cardinality, it follows from Lemma IHl that 
H{a) is the subgroup of G generated by g^"-'' = g'^'^ . Then, it is easy to see 
that the map n \-^ g"' defines a group isomorphism (pg : Gr ^ G/H{a). 
Let ipg : G ^ Gr he the homomorphism defined via the composition: 

G -^ G/H{a) ^ Gr. 

Since a ^ H{a), the element a = ipg{a) is not the identity in Gr- On the other 
hand, a is contained in every subgroup K oi Gr-, for otherwise the preimage 
ipg^{K) would be a subgroup of G which properly contains H{a) and such 
that a il)g^{K)-, contradicting the maximality of H{a)- In particular, a lies 
in the subgroup K generated in Gr by the congruence class p''"^ (mod p^)- 
Thus, ipg{a) = bp^~^ (mod p^) for some integer b with p \ b- Replacing g by 
the generator g'', the result follows immediately. D 

The following technical lemma, used in the proof of Theorem El below, 
combines the preceding two lemmas with the combinatorial results of the 
previous section. 

Lemma 8. Let a be a fixed element of G = (Z/gZ)* other than the identity. 
Write ^a,q = P^ , and put Gr = Z/p'"Z. Let g be a generator of G with the 
property described in Lemma^ and let tpg : G —>■ Gr be the homomorphism 
defined in the proof of that lemma. 

Suppose that VJl = (ai, . . . , a^) is a multiset in G with the property: 

llajT^a for every subset S C {1^2, --- ,k}- (9) 
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Let Sj be the multiset consisting of the elements aj G DJl that occur with 
multiplicity at least q — 2, and let H be the subgroup of G generated by the 
elements of S). Finally, let ^ be the multiset consisting of those elements of 
971 which do not lie in H. Then: 

(Z) |j^|<(g-l)(g-3); 

{ii) \H\ < \H{a)\, and equality holds if and only if H = H{a); 

(Hi) IfH = H{a), then \K\ < ^a,q - 2; 

{iv) Suppose that H = H{a) and \^\ = 0^a,q — 2. Then ipg{A) is a multiset 
^p,r{v^(^) of the type considered in Lemma\^ 

Proof. The assertion (i) is trivial, since |G| = q — 1 and every element of M. 
occurs with multiplicity at most g — 3. 

Let hi, . . . ,bshe the distinct elements that occur in the multiset S^, and let 
mi, . . . , rus be the respective multiplicities. Since every element of H can be 
expressed as a product 11^=1 ^T^ where < z/j < g — 2 < m^ for i = 1, . . . , s, 
it follows that every element of if is a product of the form Yljes % ^°^ some 
subset 5* C {l,...,fc}. Using Q, we see that a ^ H, hence (m) follows 
immediately from the definition of H{a) and the fact that every subgroup of 
G is determined uniquely by its cardinality. 

From now on, we assume H = H{a). Write K= {ki, . . . ,kt), and observe 
that 

Ylki^ aH{a) for every subset T C {1, 2, . . . , t}. (10) 

Indeed, assuming that HieT ^j ~ ah~^ for some h G H{a), the argument 
above shows that h = Yljes ^j ^°^ some subset S" C {1, . . . , k}, and as .ft C 9Jt, 
it follows that Ylier ^« ~ Hje-R '^i ^'^^ another subset i? C {1, . . . , fc}. Clearly, 
RnS = since .ftfli^ = 0; therefore, YljeRus'^J ~ '^' which contradicts ©. 
Let K = {ki, . . . ,kt) be the image of A under the map ipg, that is .ft = 
ipg{^), and put a = ipg{a). Using (fTUj) . we deduce that 

1 I A;j 7^ a for every subset T C {1, 2, ... , t}. 
Therefore, Lemma El immediately implies that 

\R\ = \'K\=t< K{Gr,a) =f -2 = ^a,q-2, 
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which proves (iii). In the case that |^ | = ^a,g — 2, we can apply LemmasEl 
and El to conclude that ^ = ^p^riv^c) for a unique choice of r] and c, which 
proves (iv). D 

2.3 Analytic results 

For the proofs of Theorems ^ and |2l we need a variant of the classical result 
of Landau [TT] : 

\{n<x : Q(n) = k}\ ~ |{n < x : u(n) = k}\ ~ ^^"^'f,^ , (H) 

' ' ' ' (k — 1)! logx 

where /c > 1 is a fixed integer, and Q{n) and co'(n) denote the total number 
of prime factors of n counted with and without multiplicity, respectively. 
Specifically, we need an estimate for number of positive integers n < x with 
Q{n) = k and such that every prime factor of n lies in a prescribed subset of 
the residue classes modulo m. 

In this section the implied constants, frequently without explicit men- 
tion, may depend not only on m but on k and on various other parameters; 
virtually everything but x is fair game. 

For given m let ^ be a nonempty subset of (Z/mZ)*. Define 

Q{m, A) = {n > 1 : p \ n ^ p = a (mod m) for some a G A}. 

For each k define Qk{m,A) to be the set of positive integers n in Q{m,A) 
for which Q{n) = k. 

Lemma 9. Let m and k be fixed positive integers and A a nonempty subset of 
(Z/mZ)*. For real a; > 1, let Qk{x]m,A) be the number of positive integers 
n < X in the set Qk{m,A). Then, 

S.(.;m..4) = (1+0(1))' l-^l ^' -('°g^-) 



(p(m) J (A; — 1)! logx 

Proof. For the proof we may follow an argument given in Section 9.4 in the 
book by Nathanson |13j . 

Let V be the set of primes p such that p = a (mod m) for some a & A, 
let V^ be the set of ordered fc-tuples of primes in V, and for every positive 
integer n, let 

rkin) = \{{pi,...,pk) eV'' : Pi---Pk = n]\. 
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For any real number x > 1, put 



fk{x) = ^rfc(n)= Yl 1' 



n<x Pi'"Pfc<^ 

(pi,-,Pfe)6P'= 

9k{x) = > = > , 

^ n ^^ Pi---Pk 

n<x Pi'"PkS^ 

(pi,...,Pfe)eP'= 
/ifc(a;) = ^rfc(n) log n= ^ log(pi ■ ■ -pfc). 

n<a; Pi'"Pfc<a; 

(pi,-,Pfe)eP*= 
Note that, for every /c > 1, the relations 

«.«(.)= E ^^^^. (12) 

p<x, pg^ 

and 

khk+i{x) = {k + l) ^ /ife(a:/p) (13) 

p<x, p&A 

follow easily from the above definitions. Finally, let Q^(m, ^) denote the set 
of all squarefree elements of Qk{m, A) and let Q\.{x; m, A) count the number 
of these up to x. For these, we of course have Q{n) = uj{n) = k. 
The following properties of rk{n) are immediate: 

• < rk{n) < k\ for all n > 1; 

• rk{n) > ^^ n G Qk{'m,A); 

• rk{n) = k\ <^==4> n G Q^(m, ^4). 
Consequently, 

fk{x) = Y,rk{n)<k\ Y, l = k\Qk{x-m,A), (14) 

n<.x n<x 

rfe(n)>0 

and 

/fe(a:) = 5^rfe(n)>A;! ^ I = k\ Ql{x;m,A). (15) 

rk{n)=k\ 



If n G Qk{fn^ A) \ Qfc("^, A)^ then uj{n) < VL{n) = k, and therefore, 



Qk{x;m,A) — Qj^{x;m,A)<\{n<x : uj{n) < k}\ <^ 



logx 



where we have used (jll|) in the last step. Hence, from (J14j) and (J15p we 
deduce that 

Qk{x; m. A) = —-— + O 



k\ \ log X 

To prove the theorem, it therefore suffices to establish the estimate: 

/.(x)= (1+0(1)) ^'^^;^"^^^^'" , (16) 

logo; 

where, for brevity, we have put C = \A\/ip{m). As it is clear that fk{x) = 
0{x), by partial summation we have 

-^T—dt = fkix)\ogx + 0{x), 

and thus (fTB|) follows immediately from the estimate: 

hk{x) = (1 + o(l)) C^'A;x(log2 x)''-\ (17) 

Using the prime number theorem for arithmetic progressions we have 

hi{x)= Y^ logp= (l + o(l))Ca;. (18) 

p<x, pGP 

In particular, this yields (fTTj) in the special case k = 1. By the analogue for 
arithmetic progressions of the theorem of Mertens, or by partial summation 
from the previous formula, we also have 



J2 - = {l + o{l))C\og,x. 



9n^ = ^^ 

■' — ' p 

p<X, pdV 

The latter estimate implies that 

gr{x^'^) = (1 + 0(1)) Clog2(x^/'=) = (1 + o(l)) Clog^x. 
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Thus, from the trivial inequahties 

we see that 

gu{x) = {l + o{l))C\\og,xf. (19) 

Now, for A; > 1, define 

Fk{x) = hk{x) - Ckxgk-i{x), 

where we have put go{x) = 1 for all x > 1. We claim that the bound 

Fk{x) = o{x{log,xf~') (20) 

holds for each fixed k > 1. Observe that this statement implies the desired 
result; indeed, if ()20|) holds for some integer k > 2, then in view of ()19p. we 
have 

hk{x) = Ckxgk-i{x) + Fk{x) = C'^kx {\og2x)''~^ + o{x{log2x)''~^), 

which gives (fT7|) . 

To prove (j2(Jj) . we use induction on the parameter k. The initial case 
k = 1 follows immediately from (J18p and the fact that go{x) = 1. Now 
suppose that (PUJ) holds for some integer A; > 1. By relations (fT^ and ()13|) . 
we have 

kFk+i{x) = khk+i{x) - Ck{k + l)xgk{x) 

gk-i{x/p) 



P 



= (k + l) J2 hkix/p) + Ck{k + l)x Yl 

p<x, p£A P<x, p£A 

= (/c + 1) Yl {hk{x/p) + Ck{x/p)gk-i{x/p) 

p<x, p£A 

= (k+l) J2 Fk{x/p). (21) 

P<x, p&A 

For fixed e > 0, there is a constant xq = xo{e) such that 

^ ex{\og2{x/p)f-^ ^ ex{\og2xf-^ 

~ p ~ P ' 
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whenever x/p > Xq. On the other hand, Fk{x/p) = 0^(1) if x/p < Xq. 
Consequently, 

J2 Fkix/p) = Yl Pkix/p)+ Yl ^^(^/p) 

p<x, peA P<a;/xo, peA x/xo<p<x, p^A 



p<x/xo \x/xo<p<x J 

= {e + o{l))x{\og2x)'' + Oe{x/\ogx). 



Combining this estimate with ()21|) . it follows that for every e > 0, there is a 
constant Xi = Xi{e) such that the inequality 

i^fc+i(a;)<2£(l + l/A;)x(log2x)'= 



holds whenever x > xi; it follows that ()20|1 holds with k replaced hy k + 1. 
This completes the induction and finishes the proof of the lemma. D 

We need to count, in addition to the integers in Qk{m,A), the same 
integers without the restriction on Q{n), that is those in the set Q{m,A). 
For this we shall use the following result of Wirsing JE] : 

Lemma 10. Suppose that f is a fixed real-valued multiplicative function with 
the following properties: 

{i) For every natural number n, f{n) > 0; 

(ii) For some constants Ci, C2 with C2 < 2, the bound f{p^) < C\ c\ holds for 
all primes p and integers v > 2; 

{Hi) There exists a constant r > such that 

j:/(p)=(.H-„(i))j^. 

P<x 

Then, 

n<x ^ ^ ' / o p^^ j^_Q 

where 7 is the Euler-Mascheroni constant and T{s) is the gamma function. 
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The classical result of Mertens that 

n (l - -) = e-"(logx)-^ + O ((logx)"^) , 

has been generalized in the paper of Williams |15j (see also Pl]), which gives 
a similar estimate when the product above is restricted to primes lying in a 
fixed arithmetic progression. To state this result we first recall some notation 
from pni- Let m be a positive integer and let x be a non-principal Dirichlet 
character modulo m. Let L(s, x) be the corresponding L-function and define 
the Dirichlet series 



n=l P r / 



-1 



where ky^{n) is the completely multiplicative function whose value at the 
prime p is given by 

The main result of [2i is the following: 

Lemma 11. Let a and m > 1 be coprime integers. Then, 

n (i ^]- ^("'"^) I of I ] (22) 



pj (logx)V¥'M \(logx)i+i/^(™) 

p=a (mod m) 



where 






n ^^ ■ (23) 



We are now ready to count the integers in Q(m, A). Recall that these are 
just the integers all of whose prime factors lie in the set A. For real x > 1 
let Q(x; 771, A) denote the number of such integers n <x. 

Lemma 12. Let m he a fixed positive integer and A a nonempty subset of 
(Z/mZ)*. Then, 

Q{x;m,A) = {l + o{l))^{m,A) 



(logx)i-l^l/^('") 
22 



where 

^-y\A\/ip{m) 

^(^' ^) = rf\AU ( ^\ n ^(^' "^)"'' (24) 

T[\A\/^[m)) ^^^ 

with the constants zu{a,m) defined as in LemmalTTi 

Proof. This follows immediately by applying Lemma ITUl to the multiplicative 
function / which is defined on prime powers by 

rf i^\ _ j i a p = a (mod m) for some a E A; 
[0 otherwise; 

making use of the estimates of Lemma IHl (with A; = 1) and of Lemma ITTl D 
The next lemma evaluates '(^(rri, A) in the special case m = q, A = H{a). 
Lemma 13. We have 

g-7/^a,,('l _o-lU/.%,9 

''(«-^''") = — ni/Jj ''»• 

where ^a,q o^nd 'fa,q (it^g given by ((H) and Q, respectively. 
Proof. By the definitions (PHj) and (J21I), we have 



where 

-(M)^(e^_n(Ti^j 
From the orthogonality relation 



Hia)\ ifx|^(„) = l, 
otherwise, 



J2 X{h) = l '"^^^' ""I^W 



h&H{a) 

it follows that 



XlH-{a)=l 
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By (3.2) of [T^, we have 



lim TT ( 1 - - 



L(l,x) ^'^^^^<^V^ P 



xiv) 



Therefore, in view of the relation 

3^a,q - 1 if p (mod q) G H{a), 



Y^ x{p) = I 



otherwise, 

xlir(a)=l 



and the Mertens' formula 



11 V PJ log?/ 



we derive that 
^{q,H{a)) 



r(i/^,,) U^^ll 11 », pJ , 



XlH(a) = l 



}i!" n 1-^ n 



r(i/^<.,,) »-~V,<;v pJ ^J; V p 



p (mod q)(^H(a) 



p<y 

p (mod q)(iH{a) 



lim I (logy) -1/^-^ n fl--l 



r(i/^.,,j .-^- , ^^^ 



Inserting the definition Q, we finish the proof. D 

Lemma 14. Le^ a he a nonnegative integer, b a real number in the half-open 
interval (0, 1], c a nonnegative real number, and K a positive real number. 
Let S be a set of positive integers, and for x > 1 put 

S{x) = \{n < X : n E S}\ . 

Finally, suppose that the following estimate holds as x — >■ cxd.- 

-ft'x(log2 x)" 



5(x) = (1 + 0(1)) 



(logx)^ 
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Then, 



E 

hes 



o 



(log a;; 



b+c-l 



z/6g(0,1); 



/i(log(a;//i))^ 



:i,„(i),JL02ii£)!:i ,;,., 



Proof. Since 



we have 



/l<log2 X 



1 



a + 1 (logx)'= 

logs a; 



/i (log(a;//i))^ 



;i + o(l)) 



(loga;)'^' 



E 



h {\og{x/h)y 



E 

logj x<h<x^/'^ 



logs a: 
/;, (log(a;//i))'^ ' ^^(loga;)'^ 



O 



Since the estimate 



5(t) = (ir + o(l)) 



t(l0g2t)" 



(logt)'' 
holds uniformly for all t > log2 x, by partial summation we deduce that 



E 

log2 x<h<x^^'^ 

where 



.1/2 



dS{t) 



h {\og{x/h)Y Jw, X t (log(a;/t)) 



(i^ + o(l))(Ji + J2-J3), 



Clearly, 



J I < 



(l0g2t)" 



(logt)^(log(a;/t))^ 

xl/2 



,1/2 



logja; 



(l0g2t)' 



rft 



i_, (logt)^(log(a:/t))'= t 



.1/2 



(log^t)' 



/log2.(l0gt)Hl0g(x/t))^~T- 
(log4x)" 



(log3a;)^(loga;)' 



and Js ^ 



■h 



logx 
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Making the change of variables t = x"^ in the integral J2, it follows that 

1 /"^/^ (log2 a; + log s)"" 



J-? 



(loga;)^+'=-i J„,^ s^l-sY 



ds. 



where Uq = (log3a;)/logx. To complete the proof, it suffices to show that 

0{i\og,xr) if 6 e (0,1); 



1/2 



(loggX + logs)" 

s^'d- sY 



ds 



,.„a„<!^ --. 



First, we discuss the integral over Mq < s < Mi, where Ui = (loggx) ^. If 
be (0,1), then 

"' <'°s^" + "'8-)-d. = (i + o(i)) ri!2ii£±i2i£)!,. 



Mo 



s*(l-s)< 
(1 + 0(1)) 

(1+0(1)) 



1 - 6 ^ (6 - 1 



"0 

a! 



j=0 

(logax)" 



(6-l)^(a-j)! 



— (logsOJ + logs)'^ ^ 



[l-b){log,xy-^ 
and for 6 = 1, we have 

^"^ (log2 a: + log s 



s'' d - s] 



;i + o(l)) 



rfs=(l + o(l))/ '(^S^2^+}Sl±ds 



(log2 X + log S) 

a+ 1 



a+l 



Uq 



Uq 



;i+o(i)) 



(logs X. 



Ifl+l 



a+l 



Next, we consider the integral over Ui < s < 1/2. If 6 G (0, 1), then 



1/2 



(log2 X + log S) 



ds = {i+oii)){\og,xr 



1/2 ds 



s^l-sY ' ' '" ^' ' 4 s^{l-sY 

< (logs a;)", 

and for 6 = 1, we have 

-1/=^ (log2a; + logs)« ^ ,^ ,^,,,, ,„ /-i/' rfs 

^^|y^ ;|r^rfs = (l + o(l))(log2a;)'^ 



"1 



s" 1-s 



Ml 



s 1-s 



< (log2a;)"log3X. 
Combining the preceding results, we obtain the stated estimates. 



D 
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Lemma 15. For j = 1,2, let Sj he a set of positive integers and, for x > 1, 
put 

Sj{x) = \{n < X : n E Sj}\ . 

Suppose that, for j = 1,2, 

s(r)-(i I .rn^ -^^-^(^QS2^^ 

where ai,a2 are nonnegative integers, Ki,K2 > 0, and < 6i < 1, 62 = 1- 
LetS{x) he the number of ordered pairs {hi, h2) ES1XS2 such that hih2 <x. 
Then the following estimate holds: 

6(x) = (1 + oflj) . 

Proof. Observe that 

S{X)= J2 S2{x/hi)+ Y. Si{x/h2)-Si{x'/')S2{x'/'). 

Uniformly for hi < x^l"^ , we have 



S2{xlhi) = (1 + 0(1)) . , . — ; 

/iilog(x//ii) 

thus Lemma IT^ imphes that 

1 a;(log2x)"i+"2 



Similarly, 

Y^ Si(i-/A2) = (l + o(l))A-ii(log2xr' ^ ^ 






, ., /sTi/sTs x(log2x)"i+'*2+i 

^' + '^'^^^^TT (logx^ ^ 



where we have again used Lemma EI Since 

SMl'')S2{x'l^)<^'"-^^P^%-^, 
\ I \ I (logx)^i+i 

the result follows. D 
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3 Proofs of the theorems 

In this section we frequently use the notation S{x) for the number of positive 
integers n < a; in the set S. 

3.1 Proof of Theorem [T] 

Fix the prime q > 3, and write J\f and //{x) respectively for //{q, 1), and 
J\f{x] q, 1). Let Af* be the set of integers n E Af that are not divisible by q. 
Then Af* can be expressed as a disjoint union Afi U A/'2, where A/i is the set 
of integers n e Af* with Q{n) < g - 3, and Af2 = A/'Wi. 

Since A/i is contained in the set of all integers with Q{n) < g — 3, it follows 
from (fTT|) that the number of such integers n < x satisfies 

Afi{x) < ^ , ^ ^ — . (25) 

log a; 

Next, let n G A/2, and factor n = pip2 ■ ■ -Pk, where Pi < J92 < • • ■ < Pfc 
are primes, none of which is equal to q; note that k > q — 2. Let aj denote 
the residue class of pj modulo q for j = 1, . . . ,k. For any nonempty subset 
S* C {1, . . . , k}, riies % is the residue class of the divisor ds = Y[j(^sPj '^^ ^■ 
Since ds ^ 1 (mod q), it follows that k < k{G), where G is the abelian 
group ifLjqlf)* = Z/(g — 1)Z. Hence, by Lemma Q we have k < q — 2. Since 
k > q — 2 for each n G J^2, it follows that k = q — 2, and Lemma ^ further 
shows that Oi = ■ ■ ■ = a^ = a (mod q) for some primitive root a modulo q. 
Therefore, denoting by U{q) the set of primitive roots modulo q, we have 

^(x) = Y^ Qg-2{x;q,{a}). 

adUiq) 

Since |f/(g)| = v'(g — 1), from Lemma El we deduce that 

\r ( \ n^ n\\ <^(g-l)3:(log2 3:)'?-^ 

Al2{x) = (1 + oil))- — — —. — — . (2bj 



Combining the estimates ()25|) and (j2bj) . we have 

H*{x\ - fl + o{\\\ y^(g-l)^aQg2^)^"' .271 
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In view of the obvious relation 

Ar(x)=5^Ar*(x/g'^), 

we see that 

U{x) = (1 + o(l))(l - q-')-'M*{x), 

which, together with (jTfj) yields the stated estimate of Theorem ^ 

3.2 Proof of Theorem [2] 

Fix the prime g > 3 and the integer 2 < a < q, write A/" for A/'(g, a), and let 
J\f* be the set of integers n & M that are not divisible by q. 

Throughout the proof, we fix a generator g of the group Gr = Z/p'^Z with 
the property stated in Lemma H Here, p"^ = ^a,q as usual. We also denote 
by (pg : Gr -^ G/H{a) and ipg : G ^ Gr the maps defined in the statement 
and proof of Lemma [7| Here, G = (Z/gZ)* as before. 

For each n G A/"*, let n = pi ■ ■ ■ pk he a factorization of n as a product 
of primes, where k = fl{n), and let Tin = {(^i, ■ ■ ■ ,o,k) be the multiset in G 
whose elements are the congruence classes pj (mod q) for j = 1, . . . ,k. As 
in the statement of Lemma |Hl we associate to 93T„ a subgroup iJ„ of G and 
a multiset ^n ^ 3Jl„. 

For every subgroup H oi G with a ^ H and every multiset ^ in G, let 
AfH,si denote the set of integers n G A/"*, n < x such that ifri = H and 
.^ri = -^- Our goal is to estimate the number N'h,^{,x) of these, for every pair 

First, suppose that H ^ H{a), and let H and A be fixed. Put y = 
exp((logxlog3x)/log2x), and let 

Afi = {ne Uh,a ■■ P{n) < y}, 

where P{n) denotes the largest prime factor of n. Using a well-known result 
on smooth numbers] i.e., positive integers n whose largest prime factor is 
small with respect to n (see for example [2j or PHDj we have 



A/i(x) < xexp (— (1 + o(l))Mlogu) 

X ( X 



(loga;)i+°W V(loga;)^~^/^"-V ' 
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(28) 



where u = (log x)/ log?/ = (log2x)/log3X. 

Now let M2 = N'H,si \ A/i- For every integer n in A/2, let n = pi ■ ■ -p^ 
be a factorization of n such that pk = P{n), and put m = pi- ■ -pk-i- For 
any fixed value of m obtained in this way, pk is a prime that satisfies the 
inequalities 



x/m > Pk > y = exp 



log X logg X 



logs a; 
therefore, the number of possibilities for pk is at most 

Tx{x/m) < — ; n-^ ^ 



m \og{x/m) m log x log3 x 
Note that m = hoko, with 

fc-i fc-i 

/^o = JJ Pj and ^0 = JJ Pj, 

where each element Oj G G corresponds to the congruence class Pj (mod q) 
as before. Then Hq G Q(g, H) in the notation of Lemma ^1 and we have 
^(^0) ^ \^\ ^ L = {q — l){q — 3) by Lemma |Hl(i). Thus, summing over the 
possible choices of /zq and fco, we see that 

ho<2: n{ko)<L 

Using Lemma IT^ and partial summation, we derive the bound 

V -^ « (logx)l^l/(^-i). (30) 

ho&Q{q,H) 
ho<x 

On the other hand, we have 

E r«E^fE- 

^^ ko ^^ ?! \ ^^-^ n^ 
n{ko)<L v>i (31) 



< ^ - (log2 X + 0(1))^' < (log2 X) 



7 
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Inserting the estimates (jHU]) and (jHH) into (j^ . it follows that 

^ ' (logx)i-l^l/('?-i)log3X ^ ' 

Finally, by Lemma |H1(m), we have \}1\ < \H{a)\ since H ^ H{a) (and the 
group G = (Z/gZ)* is cychc). As \H{a)\/{q — 1) = l/^a,g by Lemma IHl the 
estimates (|^ and (fH^ together imply that 

Recall that the number of such pairs {H, ^) is bounded in terms of q so the 
above estimate is sufficient to easily absorb this case into the error term. 

It remains to consider the pairs with H = H{a) and we turn our attention 
to the problem of estimating J^H{a),si{x) ioi a fixed multiset R. In the case 
that ^ = 0, it is easy to see that 

■A/W(a),0(a;) = Q{x;q,H{a)). 

Hence, by Lemma IT^ we have 

^fHia)A^) = il + oil))^iq,H{a))- ^zu^- (34) 

(logx)^ i/^o,<j 

From now on, we assume that ^ ^ 0. We recall that the inequality 
l-^l < ^a,q — 2 holds by Lemma |H1(«m); in particular, l3^a,q > 3 if ^ 7^ 0. 

First, suppose that |^| < l3^a,q — 2; note that this is possible only if 
^a,q > 4. For each n G J^H{a),n, write n = hoko, where 

k k 

ho= Yl Pj ^^^ ^0 = JJ Pj- 

Then Hq G Si and k^ E 82-, where 

Si = Qiq, H{a)) and S2 = {n : n{n) < ^a,q - 3}, 
and therefore, 

J^H{a)A^) < |{(^o,^o) eSiX S2 : hoko < x}\. 
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Applying Lemma IT^ and making use of the estimates provided by Lemma lO 
and (fTTj) . we obtain the bound 

which again is of smaller order of magnitude than the main term claimed by 
the theorem. 

Now let .^ be a multiset with cardinality |^| = S^a.q — 2. According 
to Lemma IHl (if ), i'gi^) is a multiset Dlp,r('7,c) of the type considered in 
LemmaEl in other words, R = 0g(Dlp,,.(^, c)) (mod H{a)), or 

^ = {g'hi, g^h2, . . . , //i^, ^■^"■'"' Vi, ^'^''''"' V2, • • • , 9'^^''~^h^^^^_2) 

for some sequence hi, ... , hgg^ _2 in H{a). 

For a fixed pair (77, c), let A/',,,c be the disjoint union 

and define the following subsets of G: 

G+ = {g^h : h e H{a)} and G" = {^■^"•'"^/i : /i G H{a)}. 

For each n G Afr^^c, we can factor n = hokolo, where 

k 
ho= Yl ^J' ^0 = JJ Pj, and ^0 = JJ Pj- 

Then Hq E Si, ko E S2, and /q ^ '^3, where 

Si = Q{q,H{a)), 
S2 = Q,{q,G+), 

S3 = Qdq,G-), 

with C, = ^a,q — 2 — 1]. Conversely, if Hq G Si, /cq G ^2, and Iq G S^, and 
n = hokolo < X, then n G Mrj^c- Let us also define 

V = {n : 77, = /iq/q for some h^ G 5i and Iq G ^s} 
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fc 




k 


11 p^ 


fco = 


~- 1 P^ 


J=l 




i=i 


a^Gfl-Ca) 




aj(^G+ 



and 

W = {n : n = /iq^o^o for some Hq G Si, k^ G 1S2, and /q ^ i^s}. 

Then, since the sets H{a), G^ and G" are pairwise disjoint, it is easy to see 
that the natural map Si x S-^ —^ V given by {ho, Iq) ^-^ h^l^ is a bijection. 
Similarly, the natural map V x ^2 ^ W given by (/io^o, ^0) ^-* h^k^l^ is also 
a bijection. To estimate Afri^dx), we apply Lemma IT31 twice: first to the pair 
of sets Si and ^3, then to the pair of sets V and S2- 
By Lemma IT^ we have 

Si{x) = Q{x; g, H{a)) = (1 + o(l)) ^(g, i7(a)) ^ 



(loga;)-'^"-'^/'^"'? 
and by Lemma El we have 

1 ^(loggX)^""'^ 



Ssix) = Q^{x;q,G-) = {l + o{l)) 



^ije-l)! log^ 



where we have used the fact that |G^| = \H{a)\. Applying Lemma IT^ to the 
pair of sets Si and 1S3, and taking into account the bijection Si x S3 ^ V 
mentioned above, we get 

V{x) = \{{ho,lo)eSixS3 : holo<x}\ 



^i,^! (log^)' 



l/^a. 



To complete the estimate oi Afrj^dx), we must now consider separately the 
cases T] = and r/ 7^ 0. Suppose first that r] = and ^ = ^a,q — 2 (which 
can occur only if /^a,q is an odd prime; see Lemma EI). In this case, G^ = 0, 
S2 = {1}, and W = V; consequently, 

\r ( \ ^AU \ (^ ^ ,1^^ i^{q,H{a)) ^(logax)-^''-''-'^ 

Mri,c{x) = W(X) = (1 + 0(1)) s 2 71 M 1/^ • 

Next, suppose that 77 7^ 0. By Lemma IHl we have 

1 x(log2 x)''""^ 



52(x) = Q,(x;g,G'+) = (l + o(l))- 
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^a,q{r]-'^y- logX 



Applying Lemma fT^ to the pair of sets V and 1S2, and recalling the bijection 
V X S2 ^ W described earlier, one has 

A/;,,(x) = W{x) = {{{holo, ko)eVxS2 : ^^0^0/0 < x}\ 
= n I .... ^JQ^Hja)) x(log,x)-'+^ 

Therefore, for all choices of rj and c, we obtain the estimate 

^a,g-2\ i^{q,H{a)) x(log2 x)^"-^-^ 



Ar,,,(x) = (l + o(l)) ^'^ ^^ ; ^'\,^ . (36) 

Taking into account the estimates ()28|) . ()33|) . (j34|) . (jH3j) and fl36|) . we find 

x(log2x)'^"'''"^ 






flOgx)^ l/'^a,q 

Thus, if J^a,q = 2, then MH{a),0{x) is the only term in the above sum and 



Af*{x) = {l + o{l))^{q,H{a))- 



X 



(logx)^"^/-^"'? 
If, on the other hand, ^a,q > 3, then 

'J^a,q - 2\ ^(g, H{a)) x(log2 a;)^'".«-2 



Ar*(x) = (l + o(l))5:(^- ') 



^ / ^af"-^ {^a,g ' 2)! (log x)!" V^.. ' 

where the sum runs over the possible values of r] and c corresponding to the 
prime power p"" = ^a,q (see Lemma EI). It is easy to see that 

holds for all possible values of ^a,g (and both sides are equal to 1 if ^a,q = 2); 
therefore, making use of Lemma IT^ the definition Q, and the relation 

Ar(x) = (l + o(l))(l-g-i)-W*(x), 

we obtain the estimate stated in the theorem. 
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4 Concluding remarks 

We touch very briefly on a number of directions in wliicli tliis work miglit 
well be extended. 

(1) Further development of the main term in the asymptotic formula: It is 
apparent that there are terms of only slightly lower order in the asymptotic 
formula, some stepping down by powers of logg x and others by powers of 
logo;. There seems no reason why these could not be further elucidated 
although a convenient description of the involved constants might be a lot to 
expect. 

(2) Uniformity in the modulus: Certainly one can trace through the above 
arguments to obtain results of this type. If one wants however to obtain more 
than a very limited range of applicability one would need to get at least some 
useful bounds for the "constants" in the lower order main terms. 

(3) Subset avoidance: Rather than ask for the number of integers whose 
divisors avoid a single residue class a it seems natural to ask for the number 
of those whose divisors avoid a subset A of the reduced residue classes. Here, 
two cases stand out as probably being quite similar to our existing results, 
in the case that ^ is a subgroup, to our first theorem, and in the case that 
^ is a coset, to our second one. 

(4) General modulus: Although it could be combined with any of the above, 
the removal of the restriction that the modulus be prime is probably the most 
natural next step. In this case it seems that little is needed beyond giving 
a count on the number of different groups avoiding a and having the same 
maximal order, and then multiplying the previous result by this number. 
It is clear that the contribution coming from integers which correspond to 
more than one of these groups will give a lower order of magnitude. From 
the fundamental theorem for finite abelian groups it is not hard to find a 
group-theoretic expression for the number of such subgroups but to give this 
answer as an explicit reasonable-looking function of the modulus may be a 
different story. 
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